A rotor-stator model of a turbogenerator is introduced in order to investigate speed transients with rotor-to-stator rubbing caused by an accidental blade-off imbalance. In order to assess the angular deceleration of the rotor due to rubbing, the angular position of its cross-section is considered as an unknown of the problem. Displacement fields are discretized through a finite element formulation. The highly nonlinear equations due to contact conditions are solved through an explicit predictioncorrection time-marching procedure combined with the Lagrange multiplier approach dealing with a node-to-line contact strategy. The developed numerical tool is suitable for analyzing rotor-stator interactions in turbomachines as the system passes through critical speeds during an accidental shutdown. The sensitivity of the system response to modeling, physical and numerical parameters is investigated. The results highlight the significant role of the friction coefficient together with the diaphragm modeling, from rigid to fully flexible, in the interaction phenomenon. Rigid models have the advantage of simplicity and provide reasonable estimations of the overall response of the turbine. A flexible model, however, may be more computationally intensive but is more appropriate in order to accurately capture quantities of interest such as shaft eccentricity and bearing loads.
Introduction
In nuclear power plant turbosets similar to the one pictured in figure 1 , the reference design-basis accident consists of a blade-off in the last stage of the low pressure turbine. During an accidental shutdown, A reliable description of rubbing is only possible with a detailed finite element model together with a numerical approach capable of tackling transient dynamics and contact constraints. In that view, this paper contributes to a better description of shaft dynamics by incorporating rubbing with unknown angular velocity mainly affected by aerodynamical and contact forces. The related model includes gyroscopic effects and torsional displacements. The stator model is restricted in this study to the diaphragm part with an increasing level of complexity, from rigid to fully flexible. In the governing equations, the dynamics of the rotor and diaphragm are coupled through contact forces. Available approaches in contact mechanics [4] are usually the penalty method, the Lagrange multiplier method or the augmented Lagrangian method [31, 16, 33 ]. An accurate contact treatment strategy is strongly connected to the integration method. As our interest lies in the characterization of the transient response of the shaft during rubbing, approaches such as harmonic balance or shooting methods, more intended to forced and steady-state responses are discarded, and time marching procedures stand as a natural choice. Two main families are usually found in the literature: implicit versus explicit formulations [26, 27] . It is observed in [14] that the results highly depend on Newmark parameters for problems involving strong nonlinear terms such as direct contact constraints. Even though implicit methods with automatic control of the time step size [6] may be used, conditionally stable explicit methods appear to be more relevant to non-differentiable terms such as contact. Accordingly, the well-known central finite difference scheme is adopted here. A previous study [18] has shown that the penalty method is not always adapted to contact detection in crash analysis since residual penetrations between components is allowed: cumulative error and dependency of the results to the penalty parameter may be expected. Lagrange multipliers and augmented Lagrange multipliers are prone to Uzawa type algorithms that do not fit in explicit time marching techniques because of the required CPU. Nevertheless, the predictioncorrection algorithm forward increment Lagrange method developed in [32] embeds the Lagrange multiplier approach in an explicit technique keeping the advantages of both. It has been proved reliable for contact-impact problems [1] by properly satisfying contact detection and ensuring displacement compatibility and is therefore preferred in this study.
Rotor speed transient modeling
The turbine model introduced in this work consists in Timoshenko beams for the rotating flexible shaft complemented by circular rigid disks for the bladed disks. Imbalances are originated by concentrated masses and the bearing behavior is linearized. It is assumed that the rotor is simply supported at its ends. This model is pictured in figure 3 and each of its components is thoroughly detailed in the sequel.
The geometrical and material parameters of the shaft line are chosen so that the first eigenfrequencies of the rotor match the corresponding ones of the real structures as explained later. 
Shaft line components
An accidental blade-off in a nuclear power plant turboset leads to a controlled shutdown of the shaft line and subsequent high deceleration rates due to fluids friction and shaft-to-diaphragm resisting torques. Accordingly, attention must be paid to the modeling and formulation of such phenomena since the angular position of a cross-section becomes an unknown of the problem. In-plane as well as out-of-plane bending vibrations, torsional vibrations together with axial vibrations are considered. Gyroscopic terms are included and the following assumptions are also accounted for:
1. The shaft has a uniform circular cross-section along its length.
2. The shaft is initially balanced.
3. External torques with constant direction along the reference centroidal axis are applied at each end of the shaft.
Rigid disk
The kinetic energy T r d of a rigid circular disk rotating at angular velocityφ r takes the form:
where M r d , I r d x and I r d z respectively stand for the mass, the second moment of inertia and the polar moment of inertia of the considered rigid disk. Referring to figure 4, the notations used for the rotor kinematics are (u r , θ v r ) for the bending displacements in the (e X , e Z )-plane, (v r , θ u r ) for the bending displacements in the (e Y , e Z )-plane, w r for the axial displacement and β r for the torsional twist, both along e Z . These quantities are considered in equation (1) at the disk center. In the small perturbation framework, the kinetic energy, including gyroscopic effects, is rewritten as follows:
Shaft
The kinetic energy T s of the shaft corresponds to the integration of the disk energy along its longitudinal direction thus yielding: where ρ s , S s , I s x and I s p respectively refer to the mass density, the cross-section area, the moment of inertia and the polar moment of inertia of the shaft.
The potential energy U s of a spinning Timoshenko beam is equal to:
where E s , G s and k s are respectively the Young modulus, the shear modulus and the transverse shear form factor of the shaft.
Linearized bearing
In real turbines, oil film bearings support the shaft and involve nonlinear terms described by Reynolds' equations. The virtual work δW of these external nonlinear forces acting on the shaft, F u r and F v r along u r and v r respectively, can be expressed in a general manner as:
For small displacements with respect to the equilibrium position of the shaft in the bearings, stiffness and damping coefficients of the oil film, respectively k o i j and d o i j , can be calculated by linearizing Reynolds' equations [17] leading to:
Imbalance
In order to reflect a blade-off, a heavy imbalance is introduced through a concentrated mass m i located at a distance r i from the geometric center of the shaft. Its kinetic energy is:
2.2 Diaphragm As mentioned previously, rotor-to-stator contact corresponds to a shaft-diaphragm interaction in this study. Therefore, the stator modeling reduces to the diaphragm representation. The real diaphragm or flow straightener comprises inner and outer rings and twisted blades as depicted in figure 5 and three different types of diaphragm have been developed: 1. Diaphragm D1 is shown in figure 6(a): it is fully rigid and can be seen as a mathematical boundary.
Its main purpose is the validation of the contact algorithm.
Inner ring: curved beams
The inner ring, initially in the (e X , e Y )-plane, is depicted in figure 7 . 
where u i r , v i r and w i r (resp. θ i r s , θ i r r and θ i r z ) respectively stand for radial, tangential and axial displacements (resp. rotations) of the centroidal line as displayed in figure 7 . 
where I i r r , I i r z , J i r and S i r respectively stand for the two moments of inertia, the polar moment of inertia and the cross-section area of the inner ring. Similarly, the kinetic energy T i r is defined as: (11) with I i r p denoting the moment of inertia. 
Blades: straight beams
The Euler Bernoulli theory is also used for the blades as slender structures. Their energies collapse to equations (3) and (4) where the angular velocity is equal to zero so that the shear energy vanishes. Consequently, the notations introduced in figure 8 together with the two usual kinematic relationships (12) where I b z , I b y , I b x , J b and S b respectively stand for the two second moments of inertia, the polar moment of inertia, the cross-sectional polar moment of inertia and the cross-section area of the rectangular straight beam.
Curved beam-straight beam compatibility
The assembling procedure between the straight beam finite elements of the blade and curved beam finite elements of the inner ring at the connecting nodes (red and green finite elements in figure 6(c)) in order to compute the global matrices of the system of interest requires a special attention. This procedure stems from the compatibility conditions along the generalized displacements and forces to be satisfied at each node. As shown in figures 7 and 8, in the present study these conditions reduce to:
From equation (13), the rotation of a cross-section of a Euler-Bernoulli curved beam yields:
condition that has to be accounted for in the finite element discretization.
Finite element discretization
The different energies detailed above are discretized according to the finite element technique formulated in displacement. The elements used are detailed hereafter.
Shaft line
Traction and torsion are discretized using the usual linear shape functions. Denoting ξ = z l and q = (w r , β r ) yields:
The modified Hermite functions N i j used in [5] for bending are selected. Degrees of freedom u r (z ), θ v r (z ), v (z ) and θ u r (z ) are thus written as follows:
and:
Since the angular position ϕ r is unknown, additional boundary conditions are necessary and detailed in section 4.3.
Diaphragm D3
Equations of motion are derived in a very general three-dimensional fashion. However, a numerical investigation conducted in a preliminary phase with a planar diaphragm model showed that conditions , where l i r e is the curvilinear length of the finite element, the shape functions are:
The discretized displacement field becomes, for an element whose nodes are 1 and 2:
Contact forces
The forces of particular interest in this study are the unilateral contact and friction forces acting between the shaft and the diaphragm. In order to simplify the contact detection, it is assumed that only one point of the beam cross-section area of the rotor comes into contact with one curved element of the diaphragm, as depicted in figure 10.
General framework
To derive the contact dynamic equations, the master-slave approach [4] is used. Figure 9 introduces the notations : the configurations of the master and slave bodies are denoted Ω (m ) and Ω (s ) with corresponding boundaries Γ (m ) and Γ (s ) and contact interface Γ c . The gap function g (x) between any point x of the master component and its closest counterpartx of the slave one can be computed such as:
where g 0 denotes the initial gap, n the unit outward vector normal to the master surface, u (m ) (x) and u (s ) (x) displacements respective to the master and slaved structures. Every material point x ∈ Γ c must satisfy the following Kuhn-Tucker optimality conditions:
current configuration initial configuration bodies virtually separated to illustrate contact forces
: Notations for a contact problem formulation where λ N stands for the positive contact force acting on the slave surface in the normal direction. These unilateral contact conditions are augmented with the Coulomb friction law assuming only sliding occurs:
for which µ is the coefficient of friction, v T the tangential slip velocity and λ T the contact force acting along the tangential direction. Since the finite element method is applied, the equations of motion of a mechanical model respective to contact dynamics can be written in a very general manner as follows:
where M, D, K and u respectively stand for the mass, damping, stiffness matrices and displacement vector of the global system. Lagrange multipliers are stored in vector λ and C is the contact constraint matrix in the normal and tangential directions. Embedded in an explicit time marching approach, a solution method for solving equation (23) together with conditions (21) and (22) is proposed in [32, 19] .
Application to rotor-diaphragm system
By choice in this study, the master component is the rotor whereas the diaphragm is the slave structure. Within the small perturbation framework with planar diaphragm models, it is legitimately assumed that a cross-section of the shaft always remains in the (e X , e Y ) plane. Accordingly, the determination ofx of equation (20) can then be obtained through the following considerations:
1. diaphragms D1 or D2: the contact occurs at hot spot C in figure 10 , i.e. highest rotor eccentricity. Consequently the gap function in the radial direction is equal to the distanceCD:
2. diaphragm D3: in figure 10 , contact on the diaphragm occurs at point D with same angular position as point C. This approximation allows for CPU time savings together with accurate predictions of rotational velocities and bearing loads [30] .
Boundary conditions and initial conditions
The initial conditions are given as follows: operating at normal conditions, the turbine is suddenly disconnected after the blade-off. The latter gives rise to a heavy mass imbalance while no driving torque holds anymore. Only aerodynamical and Newtonian fluid frictions act on the shaft thus initiating a slowdown with possible contact interaction:
• newtonian fluid friction torque: C newt = −A newtφr ;
• aerodynamical friction torque:
where A newt and A aero coefficients were identified in [13] . Fluids forces acting on the turbine are uniformly distributed along the shaft as a first approach. The additional boundary conditions relative to the angular position are:
• Constant driving torque C max 0 at one end of the shaft.
•φ-dependent alternator resisting torque −C maxφ r Ω at the other end of the shaft.
It it noteworthy saying that C max > 0 refers to the run-up of the shaft line whereas C max = 0 refers to the accidental shutdown.
Governing equations

Rotor
Energy-based Hamilton's principle is used for the derivation of the system's equations of motion. Gyroscopic terms (φ r +β r )θ u r θ v r in equation (2) give rise to a strong nonlinear coupling between the flexural, torsional displacements and the angular position. Similarly, the term (φ r +β r ) 2 highly couples the angular position to the torsion angle whereas the contact constraints add even more complexity to the system dynamics. Neglecting torsional vibration, the governing equations are as follows:
m i j r i j φ r sin ϕ r +φ r 2 cos ϕ r F |u r + −φ r cos ϕ r +φ r 2 sin ϕ r F |v r (25) where X r is the vector of the rotor generalized displacements (bending, traction and torsion when considered), and M 1 , D 2 , K 1 , K 2 respectively the mass, gyroscopic and two stiffness matrices. Matrix C r stands for the rotor contribution to the contact matrix C. The linearized forces acting in the oil-film bearings appear through matrices K o and D o . The right-hand side of equation (25) stand for the imbalance forces originated by N i eccentric masses. Finally, the scalar equation governing the angular position ϕ r takes the form: (26) where N i is the number of rotor imbalances and u i r and v i r stand for their nodal vertical and horizontal displacements. N r d is the number of rigid disks, C(t ) corresponds to the driving torque and C f to the sum of the fluids friction and contact friction torques whose expression is C fric = µr s λ N , where r s is the outer radius of the shaft. When torsion is considered, terms that cannot be written in a matrix form and not mentioned here for the sake of simplicity, are added to the governing equations.
Diaphragm
The equation of motion respective to the diaphragm dynamics (diaphragm D2 or D3) is:
where X d represents the vector of the generalized displacements of the diaphragm with consistent matrices M d , D d and K d for mass, damping and stiffness of the system. Matrix C d is the diaphragm contribution to the contact matrix C.
General algorithm
Coupled nonlinear equations of motion (25) , (26) and (27) are now solved using the central finite difference approach. Using notation X = {X r , X d } storing the rotor and diaphragm generalized displacements (X reduces to X r for diaphragm D1), and a ≡ X or ϕ r , the discretization in time yields: a = a n +1 − a n −1 2∆t andä = a n +1 − 2a n + a n −1
where a n refers to quantity a at time t n and ∆t to the time step. The proposed time marching procedure simultaneously includes the calculation of the displacements and the Lagrange multipliers within three main steps [19] :
1. Prediction: the governing equations are solved assuming that there is no contact between the two structures.
2. Contact detection: the gap function g p (x) 2 is computed with the predicted displacements. A correction of the displacements is required if a penetration is detected between the contacting structures.
3. Correction: if a penetration is detected (the gap value is negative), the corresponding Lagrange multiplier in the normal direction is calculated in order to satisfy the non-penetrability condition. The tangential contact force is then deduced from the Coulomb friction law eventually allowing for the calculation of the contact resisting torque within quasi-Newton loop.
At each time step, the matrices depending on the spinning speed and acceleration are updated. If a contact is detected, the rotational velocity and acceleration change according to the contact friction torque. Details of the time stepping procedure are provided in algorithm 1. The time step must guarantee the
Algorithm 1 Proposed solution method
Initialization of X and ϕ r at t 0 and t 1 : X 0 , X 1 and ϕ 0 r , ϕ 1 r for n = 2, . . . , n end do prediction of (X n+1 , ϕ n+1 r ) assuming a linear angular acceleration and no contact search for (X n+1 , ϕ n+1 r ) satisfying equations (25) , (26) and (27) while residual > ǫ do if no penetration then λ
numerical stability of the integration scheme and satisfy the Courant-Friedrichs-Lewy (CFL) criterium for an explicit technique: a linear analysis proves that the Lagrange multiplier do not modify the linear time step size. However, numerical experience suggests that contact conditions do slightly reduce the time step [3] , consideration which is accounted for in the present study.
Time integration results
The developed algorithm is validated through the computation of a linear speed transient where ϕ is known. Results were successfully compared with a commercial code. Consequently, calculations of transient run-down responses during accidental shutdowns are exclusively considered in what follows.
It is recalled from section 4.3 that the initial conditions in displacement and velocity of the shutdown correspond to the steady state at nominal operating conditions preceding the shutdown. From this initial state, the shutdown is initiated by setting C max = 0 and by introducing the Newtonian fluid and aerodynamical friction resisting torques together with a heavy blade-off mass imbalance. To authors' knowledge, there is neither analytical nor numerical reference solutions. Accordingly, subsequent simulations are validated through a time step size convergence analysis. The mechanical parameters of the study are listed in table 1: they are adopted so that the first eigenfrequency of the real investigated turbine is retrieved.
Diaphragm D1
Without torsion
In a preliminary study, the behavior of diaphragm D1 is explored without torsional vibrations. The imbalance mass is set to 45 kg. Figure 11 (a) depicts the computed rotational velocity. It illustrates the convergence with respect to the time step. Initially spinning at its nominal speed, the turbine slows down due to fluids friction with no contact detected between rotating and stationary parts. When approaching the first critical speed (19.6 Hz) at t = 3 s, the initial 8 mm gap is completely consumed as shown in figure 12 (a) and re-opens at t = 6 s. During interaction, the angular deceleration of the shaft is clearly affected by the contact forces.
The clearance between the rotor and the diaphragm, depicted in figure 12(a) , shows that the contact is well treated: even for a large time step still ensuring convergence, the residual penetration 3 is negligible (lower than 0.2 µm, value to be compared with the initial gap of 8 mm). Further results which are given in Section 7.4 show that the residual penetration decreases with the time-step: this confirms the stability and consistence properties of the proposed algorithm.
In order to analyze the frequency content of the rotor vibrations, a fast Fourier transform (FFT) is performed. As expected, the first bending modes of the rotor are excited by the imbalance: the FFT of the rotor response before contact, from t = 0 to t = 3 s, depicted in figure 15(a) , shows synchronous components together with natural frequencies of the shaft line in agreement with Campbell diagram 14(a).
The sensitivity of the response to the friction coefficient is depicted in figure 16 . For a small value, only the forward whirl motion of the rotor is excited during interaction. When the friction coefficient reaches a threshold (µ ≃ 0.2), a backward whirl phenomenon is observed and the shaft line is violently stopped. Due to this specific reason, the friction coefficient is now set to µ = 0.1. Furthermore, only results for ∆t = 10 −5 s are now presented since convergence of the quantities of interest with respect to the time step is achieved (see gap function in figure 13 (a) and displacements in figure 11(b) for instance). The angular speed, the clearance separating the shaft from the diaphragm as well as the vertical displacement are given in figure 11(b), figure 12 (b) and figure 13(b) respectively. Comparison with the casestudy involving no torsion shows that these results are almost identical. Similar conclusions hold for other quantities of interest such as the load on bearing, see Section 7.4. Since this paper aims at providing a numerical tool capable to predict the overall response of the turbine, in the sequel, torsion is not accounted for. This allows for simplifying the model and saving subsequent computation time while preserving a good approximation of quantities of interest. 
Diaphragm D3
Once again, the rotational velocity evolution during shut-down is very similar to those obtained for diaphragm models D1 and D2, see figure 11 (c). By contrast, the vibration levels of the shaft appear to be significantly higher than in the previous models, as shown in figure 13(d) . From the gap function evolution displayed in figure 12(d) , it is noticeable that the flexible diaphragm vibrates more during a longer contact interaction, up to 8 s. As illustrated in figures 15(d) and 15(e), the frequency content of the rotor is similar to the one interacting with diaphragm D2. Also, the frequency content of the new diaphragm D3 contains higher harmonics because of the chosen discretization but the magnitude of the main harmonics is very similar. Moreover, a beating vibration phenomenon is observed in the rotor responses during and after interaction. This phenomenon is more obvious in figure 13(d) and is peculiar to situations where comparable frequency contents of different structures are combined, through contact efforts in the present study.
Influence of the diaphragm model
In a general manner, the rotor response during accidental situations depends on the geometrical and material properties of the diaphragm. Since the load acting in the bearing is the main quantity of interest when designing a turbine, its time evolution with respect to the diaphragm model is now investigated. A linear calculation, thus discarding contact constraints in the formulation, of the rotor speed transient provides the maximal possible load in bearings equal to 2 · 10 6 N. However, a better estimation of this value is obtained when including the rotor-to-diaphragm contact constraints and obviously depends on the diaphragm models detailed in table 2.
Diaphragm D1 corresponds to the fastest calculation in term of CPU time but underestimates the bearing load. Also, the influence of torsion appears to be negligible and only increases the computational time. Since an enhanced version of this model, diaphragm D2 represents a good compromise between CPU time and approximation of the bearing load but leads to a bouncing behavior of the rotor because of a non physical contact treatment inherent to rigid body modelings. Finally, flexible diaphragm D3 provides the most accurate estimation of the loads exerting in the bearings. Due to the flexibility of this model, the shaft and diaphragm displacements reach larger amplitudes directly affecting the bearing loads. The numerical cost is inevitably a significant increase of the CPU time. 
Conclusions and prospects
The emphasis of the present study was twofold.
The purpose was first to establish a new theoretical formulation for a speed transient analysis of a rotor supported by linearized journal bearings together with gyroscopic effects, torsional and flexural couplings and contact/rubbing dynamics. The rotational velocity is not known and has to be simultaneously solved with the equations of motion. Discretizations in time and space are performed with the explicit and well-known central finite difference scheme and the usual finite element approach, respectively. Contact constraints are treated through the Lagrange multiplier technique in order to avoid unwanted residual penetrations between contacting structural components. Several diaphragm models were explored, starting from a fixed rigid one, up to a fully flexible one which incorporates the main features of the true structure. The related node-to-line contact algorithm has shown to be reliable since convergence with respect to the time step is achieved. Accordingly, a tool for analyzing rotor-diaphragm interactions is now available for the study of the turbine behavior, especially as it passes through critical speeds after a blade-off.
Second, the developed numerical tool is capable of computing global quantities, such as bearing loads which are of great interest in the design process of a turbine, as well as usual structural displacements. Main results are: (1) torsional twist only slightly influences the maximum load acting in the bearings but allows for a reliable estimation of the torsional stresses along the shaft. As a matter of fact, bearing loads appear to be more dependent on the diaphragm modeling. (2) Rigid diaphragms overestimate contact loads with the shaft and consequently underestimate loads in the bearings. (3) Displacements of flexible diaphragms due to rubbing are larger than in the case of rigid models. This implies an augmentation of the shaft vibrations and of the bearing loads. The use of flexible diaphragm is therefore mandatory for an accurate prediction of the bearing loads.
